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A CHARACTERIZATION OF COMPACT LOCALLY CONFORMALLY
HYPERKA¨HLER MANIFOLDS
LIVIU ORNEA AND ALEXANDRA OTIMAN
Abstract. We give an equivalent definition of compact locally conformally hyperka¨hler
manifolds in terms of the existence of a nondegenerate complex two-form with natural prop-
erties. This is a conformal analogue of Beauville’s stating that a compact Ka¨hler manifold
admitting a holomorphic symplectic form is hyperka¨hler.
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1. Introduction
A complex manifold pM,Jq is called locally conformally Ka¨hler (LCK for short) if it admits
a Hermitian metric g such that the two form ωpX,Y q :“ gpJX, Y q satisfies the integrability
condition
dω “ θ ^ ω
with respect to a closed one-form θ, called the Lee form.
It is then immediate that locally, the metric g is conformal to some local Ka¨hler metrics
g1U :“ e´fU g
ˇˇˇ
U
, where θ
ˇˇˇ
U
“ dfU .
An equivalent definition requires that the universal cover pM˜, Jq of pM,Jq admits a Ka¨hler
metric with respect to which the deck group acts by holomorphic homotheties, see [DO]. This
Ka¨hler metric on M˜ , which is globally conformal with the pull-back of the LCK metric g,
is in fact obtained by gluing the pulled-back local Ka¨hler metrics g1U . Note that, admitting
homotheties, the universal cover of a LCK manifold is never compact.
There are many examples of LCK manifolds: diagonal and non-diagonal Hopf manifolds, Ko-
daira surfaces, Kato surfaces, some Oeljeklaus-Toma manifolds etc. All complex submanifolds
of LCK manifolds are LCK. See e.g. [DO], [OV2] and the bibliography therein.
The LCK condition is conformally invariant: if g is LCK with Lee form θ, then efg is LCK
with Lee form θ ` df . One can then speak about an LCK structure on pM,Jq given by the
couple prgs, rθsq. where r, s denotes conformal class, respectively de Rham cohomology class.
The complex structure J is parallel with respect to the Weyl connection D associated to θ and
rgs (acting by Dg “ θb g). This means that D is, in fact, obtained by gluing the Levi-Civita
connections of the local Ka¨hler metrics g1U and therefore, the Levi-Civita connection of the
Ka¨hler metric on M˜ is the pull-back of the Weyl connection on M .
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On a compact LCK manifold, if the local Ka¨hler metrics are Einstein, a wellknown result
by Gauduchon, [G], says that they are in fact Ricci flat. In this case, the LCK metric itself
is called Einstein-Weyl (see [PPS], [OV1]) and has the property that in the conformal class
of g there exists a metric with parallel Lee form, unique up to homotheties, known in the
literature as Vaisman (see [G]).
A particular example of Einstein-Weyl metric is locally conformally hyperka¨hler (LCHK). In
this case, dimRM “ 2n is divisible by 4, andM admits a hyperhermitian structure pI, J,K, gq
such that all three Hermitian couples pg, Iq, pg, Jq, pg,Kq are LCK with respect to the same
Lee form θ. The Ka¨hler metric of the universal cover has then holonomy included in Sppn
2
q,
thus being Calabi-Yau. See e.g. [CS], [OP], [PPS], [V]. The quaternionic Hopf manifold is
an important example. A complete list of compact, homogeneous LCHK manifolds is given
in [OP].
One easily verifies that on compact LCHK manifolds, the 2-form Ω :“ ωJ `
?´1 ωK is
nondegenerate and produces a volume form by Ω
n
2 ^Ω
n
2 “ c ¨ dvolg, for a positive constant c.
Moreover, clearly Ω satisfies the equation dΩ “ θ ^ Ω. The aim of this note is to prove that
these conditions are also sufficient to define an LCHK structure:
Theorem A: Let pM,J, gq be a compact locally conformally Ka¨hler manifold of real dimension
2n and θ the Lee form of g. Then g is locally conformally hyperka¨hler if and only if there
exists a non-degenerate p2, 0q-form Ω such that
dΩ “ θ ^ Ω and Ωn2 ^ Ω
n
2 “ c ¨ dvolg,
where c P R`, and dvolg is the volume form of g.
Remark 1.1: Note that the existence of a nondegenerate p2, 0q-form implies that the real
dimension is a multiple of 4.
Remark 1.2: A complex manifold admitting a nondegenerate p2, 0q-form ω such that a
closed one-form θ P Λ1pM,Cq exists and dω “ θ ^ ω, is called complex locally conformally
symplectic (CLCS). The Lee form can be real or complex. CLCS manifolds first appeared in
[L, Section 5], motivated by the examples of even-dimensional leaves of the natural generalized
foliation of a complex Jacobi manifolds (recall that real LCS structures also appear as leaves
of real Jacobi manifolds).
Theorem A can then be viewed as a conformal version of the celebrated Beauville theorem
stating that a compact Ka¨hler manifold, admitting a holomorphic symplectic form is hy-
perka¨hler, [B]. Our proof follows the ideas of Beauville’s, but is different, the main difficulty
being the fact that the universal cover of a LCK manifold is Ka¨hler, but never compact, and
hence one has to make a long detour to use the Weitzenbo¨ck formula on the compact LCK
manifold M . Moreover, there is no analogue of Yau’s theorem on LCK manifolds or non-
compact Ka¨hler manifolds, which is an essential ingredient in Beauville’s proof for obtaining
a Ka¨hler Ricci flat metric. Nevertheless, the rather strong condition Ω
n
2 ^ Ω
n
2 “ c ¨ dvolg is
meant to replace Yau’s theorem and produce eventually the Ka¨hler Ricci flat metric on the
universal cover of M .
A generalization of Beauville’s theorem, but in a different sense, namely when the manifold
is compact Ka¨hler, but admitting a twisted holomorphic form, is presented in [I].
A CHARACTERIZATION OF COMPACT LCHK MANIFOLDS 3
2. Proof of Theorem A
The following two lemmas will be used in the proof.
Lemma 2.1: Let pM,J, gq be a compact LCK manifold with a non-degenerate p2, 0q-form Ω
such that dΩ “ θ ^ Ω and Ωn2 ^ Ω
n
2 “ c ¨ dvolg, where θ is the Lee form of g, c P R` and
dvolg is the volume form of g. Then g is Einstein-Weyl.
Proof. Let M˜ be the universal cover of M , endowed with the complex structure J˜ “ pi˚J ,
where pi : M˜ Ñ M . Let pi˚θ “ df and g˜ the Ka¨hler metric given by e´fpi˚g. Denote by
Ω˜ :“ e´fpi˚Ω. This is a p2, 0q-form which is closed, as a consequence of dΩ “ θ ^Ω, hence it
is holomorphic. Moreover, Ω˜
n
2 ^ Ω˜n2 “ c ¨ dvolg˜, since dvolg˜ “ e´nfdvolg.
Note that if instead of g we consider the metric g1 “ efg with its corresponding Lee form
θ1 “ θ ` df , then taking Ω1 “ efΩ, we still obtain a non-degenerate form of type p2, 0q
satisfying dΩ1 “ θ1 ^Ω1 and Ω
n
2
1
^Ω1
n
2 “ c ¨ dvolg1 , therefore the statement of the lemma is
conformally invariant.
Let K˜ be the canonical bundle of M˜ . There is a natural Hermitian structure on K˜ which
comes from g˜ given by α ^ ˚β “ g˜pα, βq dvolg˜. Note that because n is even, ˚β “ β (see
[M, Exercise 18.2.1]), thus, g˜pΩ˜n2 , Ω˜n2 q “ c. The curvature form of the Chern connection
associated to g˜ is on one hand i BB log detpg˜ijq, where det g˜ij “ det g˜p BBzi , BBzj q, and on the
other hand, it is ´i BB log g˜pΩ˜n2 , Ω˜n2 q “ 0. Since i BB log detpg˜ijq is the local expression of the
Ricci form ρpX,Y q “ Ricg˜pJ˜X, Y q, we conclude that g˜ is Ricci flat and hence, g is Einstein-
Weyl. In particular, in the conformal class of g, there exists a Vaisman metric, unique up to
homotheties.
Lemma 2.2: Let h be the Hermitian structure induced by g on Λ2,0T ˚
C
M (that is hpω, ηq “
gpω, ηq). The Weyl connection D on M satisfies Dh “ ´2θ b h.
Proof. This is because the Hermitian structure h˜ induced by g˜ on Λ2,0
C
M˜ is given by e2fpi˚h.
Then pi˚D “ ∇g˜ (see [DO]) implies that pi˚Dpe2fpi˚hq “ 0, which yields ppi˚Dqppi˚hq “
´2pi˚θ b pi˚h and our relation follows.
We proceed with the proof of Theorem A.
In terms of holonomy, to say that g is locally conformally hyperka¨hler is the same as proving
that the holonomy of g˜ on M˜ is contained in Sppn
2
q, which is equivalent to g˜ being hyperka¨hler.
According to the holonomy principle (see e.g. [B, Page 758]), proving that the holonomy of g˜
is in Sppn
2
q is equivalent to the existence of a complex structure J˜ on M˜ , with respect to which
g˜ is Ka¨hler and a holomorphic two-form Ω˜, parallel with respect to the Levi-Civita connection
of g˜, ∇g˜. We are going to prove that these are J˜ and Ω˜ from the proof of Lemma 2.1 and we
already saw that Ω˜ is holomorphic. The non trivial part is then to prove:
Lemma 2.3: Ω˜ is g˜-parallel.
Proof. Since ∇g˜ “ pi˚D, ∇g˜Ω˜ “ 0 is equivalent to
(2.1) DΩ “ θ b Ω.
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This is a conformally invariant relation on M : for any smooth f on M we have
DpefΩq “ pθ ` dfq b efΩ.
Using thus the freedom of choosing any metric in the conformal class, with the corresponding
change of θ and Ω, we choose the Vaisman metric, unique up to homotheties and without loss
of generality we assume it is g. In this case, the Lee form is harmonic, has constant norm
and moreover, we can choose the Vaisman metric with the Lee form of norm 1. We shall use
these facts in the following computations.
We apply the Weitzenbo¨ck formula on the holomorphic form Ω˜. According to [M] (see Theo-
rem 20.2 and the beginning of the proof of Theorem 20.5), as g˜ is Ricci flat (by Lemma 2.1)
the curvature term vanishes identically and the Weitzenbo¨ck formula reduces to:
p∇g˜q˚∇g˜ Ω˜ “ 0.
However, M˜ is not compact and we cannot deduce by integration that ∇g˜Ω˜ “ 0.
For simplicity, from now on we write ∇ for ∇g˜. By [M, Lemma 20.1],
(2.2)
2nÿ
i“1
∇
˚
∇Ω˜ “ ∇∇fifiΩ˜´∇fi∇fiΩ˜,
where tfiu is a local g˜ - orthonormal frame. We can choose fi “ e
f
2 pi˚ei, where teiu is a local
g - orthonormal frame on M . Then (2.2) implies
2nÿ
i“1
∇
˚
∇Ω˜ “ ef p∇∇pi˚eipi˚eiΩ˜´∇pi˚ei∇pi˚eiΩ˜q,
and hence
2nÿ
i“1
∇∇pi˚ei
pi˚eiΩ˜´∇pi˚ei∇pi˚eiΩ˜ “ 0.
Writing now Ω˜ “ e´fpi˚Ω, the above relation gives:
0 “
2nÿ
i“1
e´f p∇∇pi˚eipi˚eipi
˚Ω´∇pi˚ei∇pi˚eipi˚Ω´ pi˚θp∇pi˚eipi˚eiqpi˚Ω
` 2pi˚θppi˚eiq∇pi˚eipi˚Ω´ ppi˚θppi˚eiqq2pi˚Ω` pi˚eippi˚θppi˚eiqqpi˚Ωq.
(2.3)
As ∇ “ pi˚D, (2.3) descends on M to the following equality:
(2.4)
2nÿ
i“1
DDeieiΩ´DeiDeiΩ´ θpDeieiqΩ` 2θpeiqDeiΩ´ pθpeiqq2Ω` eipθpeiqqΩ “ 0
We notice that
ř
2n
i“1pθpeiqq2Ω “ }θ}2gΩ “ Ω. Recall (see [DO]) that
(2.5) D “ ∇g ´ 1
2
pθ b id` idb θ ´ g b θ7q.
Using that θ is harmonic and (2.5), we get:
0 “ ´δgθ “
2nÿ
i“1
eipθpeiqq ´ θp∇geieiq “
2nÿ
i“1
peipθpeiqq ´ θpDeieiqq ` n´ 1.
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Consequently, (2.4) rewrites as:
(2.6)
2nÿ
i“1
DDeieiΩ´DeiDeiΩ` 2θpeiqDeiΩ “ nΩ.
The goal is to prove that ∇Ω˜ “ 0, that is DΩ “ θbΩ. Hence, if we define D :“ D´ θb, we
need to show that DΩ “ 0. If D˚ is the adjoint of D, as M is compact, DΩ “ 0 will follow
from: ż
M
hpD˚DΩ,Ωqdvolg “ 0.
In order to find an explicit expression of D˚, we use the same method as in the proof of [M,
Lemma 20.1]. Let η b σ P ΓpΛ1
C
b Λ2,0
C
q and s P Ω2,0pMq. Define the one-form αpXq :“
hpηpXqσ, sq. Then taking a ∇g-parallel local frame teiu, using Lemma 2.2 and the fact that
θ is real, we derive:
´δgα “
2nÿ
i“1
eipαpeiqq “
2nÿ
i“1
eiphpηpeiqσ, sqq
“
2nÿ
i“1
pDeihqpηpeiqσ, sq ` hpDeipηpeiqσq, sq ` hpηpeiqσ,Deisq
“
2nÿ
i“1
p´2θpeiqhpηpeiqσ, sq ` hpeipηpeiqqσ, sq ` hpηpeiqDeiσ, sqq ` hpη b σ,Dsq
“ hpDη7σ ´ pδgηqσ, sq ` hpη b σ,Ds´ 2θ b sq.
After integration on M , this implies:ż
M
hpη b σ,Ds´ 2θ b sqdvolg “
ż
M
hp´Dη7σ ` pδgηqσ, sqdvolg
and hence, the adjoint of D ´ 2θb acts as follows:
pD ´ 2θbq˚pη b σq “ pδgηqσ ´Dη7σ.
We define
T : ΓpΛ2,0pMqq Ñ ΓpΛ1C b Λ2,0pMqq, by T psq “ θ b s.
Then D˚ “ pD ´ 2θbq˚ ` T ˚. It is easy to see that T ˚pη b σq “ ηpθ7qσ. Therefore,
(2.7) D˚pη b σq “ pδgηqσ ´Dη7σ ` ηpθ7qσ.
Note that in the computation above we denoted by h, too, the Hermitian structure on Λ1
C
b
Λ2,0
C
M which is a product of the Hermitian structure induced by g on Λ1
C
M and h defined in
Lemma 2.2.
We are ready now to compute D˚DΩ. First:
D
˚
DΩ “ D˚pDΩ´ θ b Ωq “ D˚DΩ´D˚θ b Ω.
Now (2.7) yields:
(2.8) D˚θ b Ω “ pδgθqΩ´Dθ7Ω` Ω “ Ω´Dθ7Ω.
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The first term is equal to:
D
˚DΩ “
2nÿ
i“1
D
˚pei bDeiΩq “
2nÿ
i“1
pδgeiqDeiΩ´DeiDeiΩ` eipθ7qDeiΩ.
But (2.5) implies:
δgei “
2nÿ
k“1
´ekpeipekqq ` eip∇gekekq “
2nÿ
k“1
gpDekek, eiq ` p1´ nqθpeiq,
and thus:
D
˚DΩ “
2nÿ
i“1
˜
2nÿ
k“1
gpDekek, eiqDeiΩ` p1´ nqθpeiqDeiΩ´DeiDeiΩ
¸
`Dθ7Ω
“
2nÿ
i“1
pDDei eiΩ´DeiDeiΩq ` p2´ nqDθ7Ω
(2.9)
Combining (2.9) and (2.8) we arrive at:
D
˚
DΩ “
2nÿ
i“1
pDDeieiΩ´DeiDeiΩq ` p3´ nqDθ7Ω´ Ω,
which, together with (2.6), leads to the final result:
(2.10) D˚DΩ “ pn ´ 1qpΩ ´Dθ7Ωq.
Integrating (2.10) on M we find:ż
M
hpDΩ,DΩqdvolg “
ż
M
hpD˚DΩ,Ωqdvolg
“ pn ´ 1q
ˆż
M
hpΩ,Ωqdvolg ´
ż
M
hpDθ7Ω,Ωqdvolg
˙
.
In particular, the above equality proves that
ş
M
hpDθ7Ω,Ωqdvolg is a real number. Moreover,ż
M
pDθ7hqpΩ,Ωqdvolg “
ż
M
θ7phpΩ,Ωqqdvolg ´
ż
M
hpDθ7Ω,Ωqdvolg ´
ż
M
hpΩ,Dθ7Ωqdvolg.
The first integral in the right hand side vanishes, since by Stokes formula and the fact that
θ7 is Killing (see [DO]):ż
M
θ7phpΩ,Ωqqdvolg “
ż
M
Lθ7phpΩ,Ωqdvolgq ´
ż
M
hpΩ,ΩqLθ7dvolg “ 0.
Using once more Lemma 2.2 we derive:
´2
ż
M
hpΩ,Ωqdvolg “ ´2Re
ż
M
hpDθ7Ω,Ωqdvolg “ ´2
ż
M
hpDθ7Ω,Ωqdvolg,
which implies ż
M
hpΩ,Ωqdvolg ´
ż
M
hpDθ7Ω,Ωqdvolg “ 0,
therefore ż
M
hpDΩ,DΩqdvolg “ 0,
and thus DΩ “ 0, which completes the proof.
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